We calculate the so-called hard spectator corrections in O(α s ) in the leading-twist approximation to the decay widths for B 0 → ρ 0 γ and B + → ρ + γ decays and their charge conjugates, using Large Energy Effective Theory techniques. These are combined with the hard vertex corrections and annihilation contributions to compute the branching ratios for these decays in next-to-leading order (NLO) in the strong coupling α s . The complete NLO corrections to the branching ratios are significant, but they mostly cancel in the isospinviolating ratio ∆ = (∆ +0 + ∆ −0 )/2, where
Introduction
There exists a lot of theoretical interest in measuring the branching ratios for the exclusive radiative decays B 0 → ρ 0 γ and B + → ρ + γ and their charge conjugates. In the Standard Model (SM), their measurements will provide independent and complementary constraints on the matrix elements of the Cabibbo-Kobayashi-Maskawa (CKM) matrix [1] . In particular, the isospin-violating ratios ∆ ±0 = Γ(B ± → ρ ± γ)]/[2Γ(B 0 (B 0 ) → ρ 0 γ)] − 1 and the CP asymmetry in the rate difference A CP (ρ
will determine the angle α, which is one of the three inner angles of the CKM-unitarity triangle. The CP-asymmetry arises in these decays due to the interference of the various penguin amplitudes which have clashing weak phases, and the required strong interaction phase is provided by the O(α s ) corrections entering the penguin amplitudes via the Bander-Silverman-Soni (BSS) mechanism [2] . The decay widths Γ(B → ργ), and the related isospin-violating and CP-asymmetries, are sensitive to the presence of physics beyond the SM, such as supersymmetry [3, 4] . Hence, it is imperative to firm up the theoretical predictions of these quantities in the SM.
To compute the branching ratios, one needs to calculate the explicit O(α s ) improvements to the lowest order decay widths. These include the renormalization group effects in the appropriate Wilson coefficients in the effective Hamiltonian [5] , the matrix elements involving the vertex corrections [6, 7, 8] , annihilation contributions [9, 10, 11] , and the so-called hard spectator corrections involving (virtual) hard gluon radiative corrections off the spectator quarks in the B and ρ-mesons [12, 13] . Of these the annihilation and the hard gluon radiative corrections explicitly break isospin symmetry, leading generically to non-zero values for ∆ ± . While the former have been calculated in the lowest order in [9, 10] , and the explicit O(α s ) corrections to the leading-twist (twist-two) annihilation amplitudes are found to vanish in the chiral limit [11] , the commensurate contributions from the hard spectator diagrams are still missing. In this paper we compute these corrections to the leading-twist meson distribution amplitudes, borrowing techniques from the so-called Large Energy Effective Theory (LEET) [14, 15] . In a closely related context, a part of these corrections were calculated by Beneke and Feldmann [13] . With the remaining contribution of the hard spectator corrections presented here, the decay rates for the decays B → ργ can now be quantified completely up to and including the NLO corrections in the leading-twist approximation. We present the results in terms of the branching ratios for B 0 → ρ 0 γ and B + → ρ + γ and their charge conjugates. This, in turn, allows us to calculate the isospin-violating ratios ∆ ± and the charge conjugate averaged ratio ∆ = (∆ +0 + ∆ −0 )/2, which are also presented. As the hard spectator contributions are all real, the results for the CP-asymmetry A CP (ρ ± γ) presented in Ref. [3] without these corrections remain unchanged. This paper is organized as follows: In section 2, we introduce the underlying theoretical framework (LEET), symmetry relations involving the B → V form factors, and the explicit O(α s )-breaking of these relations. The hard scattering amplitude involving the spectator diagrams in B → ργ decays are calculated in section 3. The O(α s )-corrected matrix elements are given in section 4. Numerical results for the branching ratios and the charge conjugate averaged ratio ∆ are presented in section 5. We conclude with a brief summary in section 6.
LEET Symmetry and Symmetry Breaking in Perturbative QCD
The effective Hamiltonian for the B → ργ decay at the scale µ = O(m b ), where m b is the b-quark mass, is given by
where we have shown the contributions which will be important in our calculations. Operators O 
2) and O 7 and O 8 are the electromagnetic and chromomagnetic penguin operators, respectively:
Here, e and g s are the electric and colour charges, F µν and G a µν are the electromagnetic and gluonic field strength tensors, respectively, T a αβ is the colour SU(N c ) group generator, and the quark colour indices α and β and gluonic colour index a are written explicitly. Note that in the operators O 7 and O 8 the d-quark mass contributions are negligible and therefore omitted. The coefficients C while the coefficients C eff 7 (µ) and C eff 8 (µ) include also the effects of the QCD penguin four-fermion operators O 5 and O 6 which are assumed to be present in the effective Hamiltonian (2.1) and denoted by ellipses there. For details and numerical values of these coefficients, see [16] and reference therein. We use the standard Bjorken-Drell convention [17] for the metric and the Dirac matrices; in particular γ 5 = iγ 0 γ 1 γ 2 γ 3 , and the totally antisymmetric Levi-Civita tensor ε µνρσ is defined as ε 0123 = +1.
The effective Hamiltonian (2.1) sandwiched between the B-and ρ-meson states can be expressed in terms of matrix elements of bilinear quark currents. These matrix elements for heavy-light transitions are dominated by the strong interactions at small momentum transfer and cannot be calculated perturbatively. The general decomposition of the matrix elements on all possible Lorentz structures (Vector, Axial-vector and Tensor) allows to introduce seven scalar functions (form factors): V , A i , and T i (i = 1, 2, 3) of the momentum squared q 2 transferred from the heavy meson to the light one. When the energy of the final light meson E is large (the large recoil limit), one can expand the interaction of the energetic quark in the meson with the soft gluons in Λ QCD /E. Using then the effective heavy quark theory for the interaction of the heavy b-quark with the gluons, one can derive non-trivial relations between the soft contributions to the form factors [15] . The resulting theory (LEET) reduces the number of independent form factors from seven in the B → ρ transitions to two in this limit. The relations among the form factors in the symmetry limit are broken by perturbative QCD radiative corrections arising from the vertex renormalization and the hard spectator interactions. To incorporate both types of QCD corrections, a tentative factorization formula for the heavy-light form factors at large recoil and at leading order in the inverse heavy meson mass was introduced in Ref. [13] :
where f k (q 2 ) is any of the seven independent form factors in the B → ρ transitions at hand; ξ ⊥ and ξ are the two independent form factors remaining in the LEET-symmetry limit; T k is a hard-scattering kernel calculated in O(α S ) containing, in general, an endpoint divergence in the decay B → ργ which must be regulated somehow; Φ B and Φ ρ are the light-cone distribution amplitudes of the B-and ρ-meson convoluted with T k ; C k = 1 + O(α s ) are the hard vertex renormalization coefficients. Hard spectator corrections contribute to the convolution term in Eq. (2.4). They break factorization, implying that their contribution can not be absorbed in the redefinition of the first two terms, and they are suppressed by one power of the strong coupling α s relative to the soft contributions defined by ξ ⊥ and ξ . To compute the hard spectator contribution to the B → ργ decay amplitude, one has to assume distribution amplitudes for the initial and final mesons. To leading order in the inverse B-meson mass, the dominant contribution is from the leadingtwist (twist-two) light-cone distribution amplitudes of the mesons. In this approach both the B-and ρ-mesons can be described by two constituents only, for example, B − = (bū) and ρ − = (dū), and the higher Fock states are ignored. We restrict ourselves with the following kinematics involving quarks [13] : the momenta of the b-quark and the spectator antiquark in the B-meson are 5) and for the quark and antiquark in the ρ-meson we decompose their momentum vectors as follows k Spectator corrections to the B → ργ decay amplitude can be calculated in the form of a convolution formula, whose leading (∼ α s ) term can be expressed as [13] :
where N c is the number of colours,
is the Casimir operator eigenvalue in the fundamental representation of the colour SU(N c ) group, and T ijkl is the hardscattering amplitude which is calculated from the Feynman diagrams presented below. The colour trace has been performed, while the Dirac indices i, j, k, and l are written explicitly. The leading-twist two-particle light-cone projector operators M (B) jk [18, 13] and M (ρ) li [19, 13] of B-and ρ-mesons in the momentum representation are:
where f B is the decay constant of B-meson, f and f ⊥ are the longitudinal and transverse ρ-meson decay constants, and ε µ is the ρ-meson polarization vector. These projectors include also the leading-twist distribution amplitudes φ 
Hard Scattering Amplitudes
We now present the set of the hard-scattering amplitudes contributing to the spectator corrections to the B → ργ decay.
1. Spectator corrections due to the electromagnetic dipole operator O 7 . The corresponding diagrams are presented in Fig. 1 . The explicit expression is: where we have used a short-hand notation (qσe * ) = σ µν q µ e * ν . 2. Spectator corrections due to the chromomagnetic dipole operator O 8 . The corresponding diagrams are presented in Fig. 2 . The first two diagrams (Fig. 2a) give the corrections when the photon is emitted from the flavour-changing current line and the result is:
where the value of the relative b-quark charge Q b = −1/3 was taken into account. The second row (Fig. 2b) contains the diagrams with the photon emission from the spectator line which results into the following hard-scattering amplitude:
Note that this amplitude depends on the spectator quark charge Q d(u) and hence generically breaks isospin symmetry. 
where the function ∆F 1 (z (f ) ) results after performing the integration over the momentum of the internal quark f with the mass m f [20] :
and its argument is z
f in the limit of the large recoil and at leading order in the inverse B-meson mass. In Eq. (3.5) the function Q 0 (z) is defined as follows: 6) and for the case Im z > 0 it has the form [20] :
u for the u-quark) and the asymptotic form of this function at large values of z is of interest:
In the case of u-quark, the function ∆F 1 (z) is enhanced by the large logarithm ln(m u /M). It was shown in Ref. [21] that summing up to all orders in α s , the penguin-like diagrams relevant for the b → dγ process can be safely calculated by taking the massless limit for the u-quark in the penguin loop. This implies that no large enhancement in the amplitude due to ln(m u /M) remain. Diagrams in Fig. 3b describing the emission of the photon from the spectator quark line yield:
where the argument of the function ∆F 1 is z
There exists another topological class of diagrams contributing to the spectator corrections -the diagrams with the effective bsg * γ vertex presented in Fig. 4 . The expression for the one-particle irreducible (OPI) bsg * γ * vertex as well as the general bsg * γ * one are known since a long time [20] . For an on-shell photon q 2 = 0, the OPI vertex is simplified and can be found in Refs. [7] and [8] for the four-dimensional and arbitrary d-dimensional momentum spaces, respectively. For the case considered here, the four-dimensional result derived in Ref. [7] is used.
The hard scattering amplitude corresponding to the diagrams shown in Fig. 4 is: Figure 4 : Diagrams contributing to the spectator corrections due to the O 2 operator when both the photon and the virtual gluon are emitted from the internal quark line.
where the value Q u = 2/3 of the relative charge of the quark in the loop was taken into account, and we have used a short-hand notation for the following γ-matrix difference:
The last representation for this operator is valid in the four-dimensional space only. The functions ∆i 5 (z 0 , z 1 , 0) and ∆i 25 (z 0 , z 1 , 0) are [7] :
The auxiliary function Q 0 (z) is defined in Eq. (3.6), and the other auxiliary function Q − (z) is: 14) with the explicit form for the case Im z > 0 [20] :
where the definition of u ± can be found in Eq. (3.7). In the case of the internal u-quark, the arguments z can be neglected. The large-z asymptotic expansion of the auxiliary functions Q 0 (z) and Q − (z) are:
Ç ¾ Ç ¾ Figure 5 : Diagrams contributing to the spectator corrections due to the O 2 operator when the photon is emitted from the internal quark line due to the bdγ vertex.
It is seen from the definition of ∆i 25 (3.13) and the asymptotics of Q 0 (z) that this function contains the term ∼ ln(z 2 and vanishes in the chiral limit of internal quarks in the loops. Hence, the asymptotic form of the function ∆i 5 at large z is:
Finally, there are also diagrams where a photon is emitted from the internal quark line due to the effective b → dγ interaction (see Fig. 5 ). Note that in the momentum space the amputated b → dγ vertex due to the four-fermion quark interaction (the O 2 vertex) has the form [20, 8] :
where the function ∆F 1 (z) is defined in Eq. (3.5). For the real photon case (q 2 = 0), the amplitude contains the scalar product (e * I (f ) ) ∼ (e * q)q / − q 2 e / * which is zero. This vertex gives a non-vanishing contribution for off-shell photons, such as b → dγ * → bdl + l − , which, however, is not the process we are considering in this paper. Hence, for on-shell photon, the Feynman diagrams in Fig. 5 do not contribute to B → ργ (or b → dγ).
Matrix Elements of B → ργ Decays
The convolution of the B-and ρ-mesons projection operators (2.8) and (2.9) with the hard-scattering matrix elements from the previous section can be written as: 
In the above results we have used the short-hand notation for the integrals over the mesons distribution functions:
The function ∆H (2) Fig. 4 with the internal u-and c-quarks. The contributions of the internal quarks differ by the CKM factor V *
= C 2 and the quark masses are neglected. This is valid as ∆H (4) originates in the terms ∼ ∆i 5 from the hardscattering amplitude T (4) ijkl , where the replacement ∆i 5 → −1 is possible in the chiral internal quark limit due to the asymptotics (3.18) . By making use of the unitarity relation V * ub V ud + V * cb V cd + V * tb V td = 0 their sum can be expressed in terms of one independent CKM combination V * tb V td . The correction on the c-quark mass contains the distribution moment ū −2 ⊥ with the end-point singularity because of the 1/z 0 factor according the asymptotics (3.18) of the function ∆i 5 . A more detailed discussion of these corrections can be seen in Ref. [22] .
The result obtained above deserves a number of comments. First, note that the diagrams shown in Fig. 3 do not contribute in the large recoil limit and at leading order in the inverse B-meson mass. Therefore, no problems with the logarithms of the internal quark mass in the ∆F 1 function, occur. Second, there is no contributions from the diagrams where a photon is emitted from the spectator line (Figs. 2b and 3b) . It means that no new contributions to the isospin-breaking corrections to the decay rates B → ργ arise from the hard spectator correction in the large recoil limit. Third, the contribution from the diagrams shown in Fig. 1 and the c-quark mass corrections to the contribution from Fig. 4 contain an end-point singularity of the form ū −2 ⊥ while the diagrams in Figs. 2 give a finite contribution. As argued by Beneke and Feldmann in Ref. [13] , this end-point singularity describes the soft-gluon physics of the matrix element and can be absorbed into the "soft form factor" ξ ⊥ . In such a way the factorization scheme (or renormalization conventions for the "soft form factor") is fixed. After adopting this procedure, the hard spectator corrections to the B → ργ decay amplitude depends on the product of two moments of the B-and ρ-meson distributions only: ∼ ū
The product is intrinsically a non-perturbative though universal quantity and will have to be determined either by data from elsewhere or using a model.
It is convenient to introduce the quantity [13] 8) in term of which the B → ργ decay amplitude has the form:
where P = Mv and p = En − ≃ Mn − /2 are the four-momenta of the B and ρ-meson, respectively. In the last equation we identified the b-quark mass m b (µ) with the mass M of the B-meson. This difference includes the QCD coupling correction due to the renormalization group rescaling of the b-quark mass from the matching scale of the W -boson mass m W to the scale µ ≃ M and the binding energy which is of order Λ QCD . These effects can appear only at the level of Λ QCD /M corrections to the large recoil limit and can be omitted in the approximation considered. The amplitude (4.9) allows to get the spectator correction to the form factors of the B → ρ transition. The relevant form factors are defined as follows:
where m ρ is the ρ-meson mass. It is seen from the definitions that only two form factors
2 (q 2 ) contribute to the matrix element of the B → ργ decay. Hence, the hard spectator corrections for these form factors from the amplitude (4.9) for on-shell photon are:
The contribution obtained for the diagrams in Fig. 1 is the same as presented in Ref. [13] , and the rest is from the remaining diagrams calculated in this paper. It is important to note that the hard spectator corrections do not generate an additional strong phase in the decay amplitude B → ργ. Thus, the strong phase enters through the hard vertex corrections only.
Branching Ratios of B → ργ Decays, Isospin-and CP-Asymmetry
We now present the effect of including the hard spectator corrections on the branching ratios and the CP-and isospin asymmetries in B → ργ decays. We recall that, ignoring the perturbative QCD corrections to the penguin amplitudes, the ratio of the branching ratios for the charged and neutral B-meson decays can be written as [11, 3] B
where ǫ A e iφ A includes the dominant W -annihilation and possible sub-dominant longdistance contributions. Estimates in the framework of the light-cone QCD sum rules yield typically [9, 10] : ǫ A ≃ −0.3 and ǫ A ≃ 0.03 for the decays B − → ρ − γ and B 0 → ρ 0 γ, respectively, which have also been confirmed in Ref. [11] . Moreover, it was shown in Ref. [11] that the strong interaction phase φ A disappears in O(α s ) in the chiral limit. Henceforth we set φ A = 0; the isospin-violating correction depends on the unitarity triangle phase α due to the relation:
The next-to-leading order vertex corrections for the branching ratios of the exclusive decays B ± → ρ ± γ and B 0 → ρ 0 γ can be derived from the corresponding calculations of the inclusive decays B → X s γ [8, 5] and B → X d γ [23] . Ignoring the hard spectator corrections, the result was given in Ref. [3] :
where α = 1/137 is the fine-structure constant, T . Including the O(α s ) hard spectator corrections to the matrix elements evaluated at the scale µ, the function A (1) (t) is now modified: . The other quantities in the above equations can be found in Refs. [8, 5] . The subscripts R and I denote the real and imaginary parts of A (1)t and A u . The hard-spectator corrections contribute to the real part of A (1)t only. They do not depend on the charge of the spectator quark in B 0 (B 0 ) or B ± , and hence are isospin-conserving. Taking into account the suppression of the
3) by obvious replacements. We now compute the isospin-violating ratio:
These ratios deviate from zero (the isospin symmetry limit) due to the interference of the short distance penguin amplitudes and long distance tree amplitudes, where the latter are given by the lowest order annihilation contributions, as the O(α s )-contribution to the annihilation amplitude vanishes in the chiral limit in the leading-twist approximation [11] . We present our numerical analysis for the charge-conjugate averaged ratio:
which is expressed in the NLO perturbative QCD [3] :
where ∆ LO is the leading-order charge-conjugate averaged ratio. The ratio ∆ NLO is sensitive to the hard-spectator corrections which are contained in the O(α s ) corrections due to the function A is modified significantly (by about 1.7) by the hard spectator corrections. This will then change the branching ratios for the decays B 0 → ρ 0 γ and B ± → ρ ± γ, but being real it will not contribute to the CP-asymmetry, as already discussed. For the numerical estimates, one also needs to know the CKM-functions F 1 and F 2 defined by Eq. (5.2) . Their detailed discussion and updated values from the CKM fits can be found in Refs. [3, 24] . In the analysis the central value resulting from the CKM fits: Fig. 6 . The solid curve shows the complete O(α s )-corrected ratio, including the vertex and hard spectator corrections, the dashed curve shows this ratio when only the vertex corrections are included, and the dotted curve shows the lowest order result. We note that taking into account the spectator corrections slightly modifies the O(α s ) vertex-corrected result, obtained in Ref. [3] . Thus, even if one takes a generous error on this quantity, the theoretical precision of ∆ NLO is not perceptibly influenced by the uncertainty in ∆F ⊥ entering in the hard spectator correction. We also note that the region of α, where the NLO corrections are large, is not favoured by the SM constraints on this phase, which yield typically 75
• ≤ α ≤ 121
• at 95% C.L. [24] . It is of interest to estimate the effect of the hard spectator corrections on the branching ratios for B → ργ decays. In addition to the values of various input parameters used for the charge-conjugate averaged ratio ∆, the following values of the parameters are used in estimating the branching ratios: A (1)t I ≃ −0.016 and A u I ≃ +0.046 [3] . The relative NLO corrections B NLO /B LO − 1 to the B ± → ρ ± γ decay rates as a functions of the CP phase α are presented in Fig. 7 . Taking into account the hard-spectator corrections increases the charged B-meson branching ratios by about 10% independent of the phase α. Note that the NLO corrections in the branching ratios for the neutral B-meson decays B 0 (B 0 ) → ρ 0 γ are numerically close to the ones in the charged B-mesons decays and, hence, the results presented in Fig. 7 are also valid for the neutral B-meson decays.
We now briefly discuss the direct CP asymmetry in B ± → ρ ± γ decay rates: The CP asymmetry arises from the interference of the penguin operator O 7 and the fourquark operator O 2 [6, 7] . The expression for the CP asymmetry in B ± ρ ± γ decays can be written as [3] :
where ∆ LO is the charge-conjugate averaged ratio in the leading order. Note that the spectator corrections contribute to the real part of the parameter A (1)t only. Hence, A CP (ρ ± γ) remains unchanged by the inclusion of the hard spectator effects. In view of this, we will refrain from presenting the CP asymmetry A CP (ρ ± γ) here, as, this can be seen in Ref. [3] .
Summary
In summary, we have computed the complete hard scattering corrections in O(α s ) in the leading-twist approximation to the decays B → ργ. This is then combined with the existing contributions from the vertex renormalization corrections and the annihilation amplitudes to arrive at the NLO calculation of the decay rates and the isospin-violating ratios ∆ ± and ∆. The CP asymmetry A CP (ρ ± γ) does not receive contributions from the hard spectator corrections in the present theoretical accuracy. The radiative decays B → ργ (and B → K * γ) provide an excellent laboratory to test the underlying theory (LEET) and ideas on perturbative non-factorizing corrections put forward by Beneke et al. [12] in the context of B → ππ and B → πK decays, which are more involved due to the presence of two strongly interacting particles in the final state. Precise measurements of the radiative decay branching ratios and the related isospin and CP asymmetry will test the theoretical framework in the SM, determining the angle α in its wake, and may lead to the discovery of new physics.
